CHAPTER 20

The Product and Quotient Rules

e have developed rules for the derivatives of the sum or difference of
two functions that work as follows

D.[f@)+2w)| = f'@+g'®
D.[f@-gw| = f'@)-g'w.

But what about the derivative of product of two functions, or the quotient of
two functions? This chapter answers these questions by deriving two new
rules for

D, [f(x) . g(x)] and

f)
g(x)

X

These two new rules will be called the product rule and the quotient rule,
respectively.

Let’s begin by deriving the product rule. Given two functions f(x) and
g(x), we aim to work out the derivative of their product, that is, D, [ f (x)g(x)] .
By Definition 16.1, the derivative of a function F(x) is

D, [F(x)] _lim L&) F®

Z2—X Z2—X

We are interested in the case where F(x) = f(x)g(x), which is

f(2)g(2) - f(x)g(x)

2—X

D.[f(@egw)] = lim

We will now work this limit out carefully. In this limit, the denominator
z —x approaches zero, so we have to get rid of it somehow. In the following
computation it gets absorbed into the definition of f'(x) and g'(x).
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So let us begin our computation. As noted above, our first step is

f (2)g(2)-f (x)g(x)

Z2—X

D, |fwg@)| =

Let’s insert a little space int this expression to give ourselves room to work.

f (2)g(2) - f(x)g(x)

Z2—X

D, |fwe@)| =

To the space just created, add zero in the form of 0 = —f(x)g(2) + f(x)g(2).
This is an allowable step because adding in 0 doesn’t alter the limit’s value.

f(z)g(z) fx)g(2) + f(x)g(z)— f(x)g(x)

Z2—X

D, |fwe@)]| =

In the numerator, factor out g(z) from the first two terms, and f(x) from the
second two, as shown below. Then split the fraction and apply limit laws:

(f(2) - f(®)g2) + fx)(g(z) - gx))

Dx[f(x)g(x)] = lim
z—x z2—x
(R -fkx) g(2) - g(x)
= lim x(— + @O —— )
— lim —f (2) = fx) im g(2) + lim £(x)- lim 8z) =g
Z=x z—X —x  Z-x
= | f'@gl) + f)g' @),

In the last step we used the facts that lgI}C @ = f(x), ;me g(2) = g(x),
lim f(x) = f(x), and limx % = g'(x). (We assume here that g’(x) exists, so,
zZ—X i

by Theorem 18.1, g(x) is continuous, and hence lgrglc g(z)=g(x).)

We have just determined that D,[f(x)g(x)] = f'(x)g(x) + f(x)g'(x). Now
that we have done this computation—and we believe it—we will never have
to do it again. It becomes our latest rule.

Rule 7 (The Product Rule) D, [ f (x)g(x)] = f'(x)gx) + f(x)g' (x)

The derivative of a product equals the derivative of the first function times
the second function, plus the first function times the derivative of the second:

In applying the product rule to f(x)g(x), you also have to do the derivatives
of f and g, using whatever rules apply to them.
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Example 20.1 Find the derivative of 4x3¢*.

This is a product (4x3)-(e*) of two functions, so we use the product rule.

Dx[4x3ex] Dx[4x3] -e* + 4x° -Dy[e”]
= 12x%-e" +4x3-e*

= |4e* (3x2 +x3) . £

Example 20.2 Find the derivative of y = (x? +3) (x® + 5x - 7).

This is a product of two functions, so we use the product rule.

D[ (x?+8) (x? +50-7)|

Dx[x2+3] (x®+5x-17) +(x2+3)-Dx[x2+5x—7]
= 2x(x%+5x—17)+ (x* +3)(2x +5)
This is the derivative, but some simplification is possible:

= 2x3+10x%-14x + 2x% +5x2+6x+15

433 + 1562 — 8x + 15 |

Here our approach was to take the derivative (using the product rule) and
then simplify. Alternatively, you could first simplify (by multiplying) and
then take the derivative:

D, x*+5x3 —7x% + 8x%2+15x-21

(2 +3) (x?+52-7)| = Dy

4% + 15x% — 14x +6x + 15

= |42 +152% —8x +15), #

Example 20.3 Very often you’ll have a choice of rules, and one choice
may lead to a simpler computation than the other. Consider finding the
derivative of y = 3x%. This is a product, so you could use the product rule:

D.[3x%] = Dy[3] x5+3:Dy[x%] = 0-x7+3-5x = |15xt]

But it’s much easier to just use the constant multiple rule:

D.[3x%] = 3D,[+%] = 3-50* = [150%] £
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Next we derive the rule for D [

JACD]
x| glx)

The Product and Quotient Rules

]. (You may opt to skip the derivation

on a first reading and go straight to the conclusion at the bottom of this
page.) Our computation begins with the definition of the derivative and
proceed by adding zero in a clever way, as we did for the product rule.

x @ = limM (definition of derivative)
g(x) z—x z—X
o )l )
= lim 8() 8x) (insert space)
z—x z—x
(f(z) B f(x))_(f(x) B f(x))
= lim 8(z) &@) 8 s@) (add zero)
z—x z—x
1 1 1
(F) = F@) =~ () (— - —)
= lim 8 g 8k (factor)
z2—x z2—x
1 —
(f(z)- f(x))m —f(x)(%)
= lgl}c g P gg (combine fractions)
1
(F@ - F@)— - L9 ()~ ga)
= lim 8z) gxe() (regroup)
z2—x zZ—x
= lim f&-f& 1 ) g(z)—g(x)) (split fraction)
z—x z—x g2 gk)glz) z—=x
T f@)-fx) . 1 f(x) g(2)—g(x)  (limit
= lim -lim —lim lim=———
z=x  z—x z2—xg(z) z—xgn)g(z) z—x  z—x laws)
= f(x) L f&) g'(x) (evaluate limits)
glx) glx)g(x)
_ '; ((z)): ((;C)) _ 1; ((v;)g ((;C)) (get common denominator)
= f (x)g(x)—};(x)g (x). (combine fractions)
g(x)

We have our new rule.

Rule 8 (The Quotient Rule) D,

f(x)

_ flx0)gx)—fx)g'(x)

g(x)

g(x)?
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Compare the differences and similarities between the product rule and
the quotient rule. There are similarities, but quotient rule is more complex.
It has a minus instead of a plus, and you must divide by g(x).

Product Rule: Dx[f(x)g(x)] = Dx[f(x)] -g(x) + f(x)'Dx[g(x)]

Dy|f(x)|-g(x) = f(x)-Dy|g(x)
Quotient Rule: D, S = ] 5 ]
8(x) (g@)
x?+1
Example 20.4 Find the derivative of ——.
X< —X

This function is a quotient, so we apply the quotient rule to find its derivative.

241 Dx[x2+1] (xz—x)—(x2+1)Dx[x2—x]
Dx x2_x = (x2_x)2
_ (@x+0)(x*-x) - (x®+1)(2x-1)
(2 -2)°

This is the derivative, but a few extra steps of algebra simplify our answer.
(2x3 - 2x2) - (2x3 —x2+2x— 1)
(2 —x)?

—x2-2x+1

(x2 =)’

5
Example 20.5 Find the derivative of x_x
e

This function is a quotient, so we apply the quotient rule to find its derivative.
D, [x5] e —x°D, [ex]
(e¥)?

5xte* — xPe*

e*eX

This is the derivative, but some simplification is possible:

xte*(5-x)  |x*(5-x)

= = i oo

e*e* e¥
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Example 20.6 The quotient rule can be computationally expensive, so
don’t use it if you don’t have to. As an example, consider differentiating
%#. This is a quotient, so you could use the quotient rule. But the
denominator is constant, so a better choice would be to factor it out using
the constant multiple rule:

= %~Dx[3x2+4x—5] = %(6x+4) = .

If you used the quotient rule, your work would go like this:

3x2+4x-5

D, 2

D

sx?+dx—p)  Dx[3x%+4v-5]-2+ (3x% + 4v-5) D, [2]
oo 7
(6x+4)-2+ (3x% +4x—5)-0
4

- G202 [3cra)

Though it gave the same answer, the quotient rule was an overkill. Work
enough exercises that you see your choices and their consequences. 2

Example 20.7 Find the derivative of x71°.

We will do this two ways. First, we can simply apply the power rule.
D, [x_lo] = —10x 1071 = | —10x711]|

Our second step uses the quotient rule.

. Dx[l]x10—1~Dx[x10]

(x10)*

0-x'%- 10" 9-20 11

Besides reminding us that a problem can be done several ways, this
example raises an important point. In deriving the power rule D, [x"] = nx™~1
in Chapter 17, we proved it only for positive integer values of n. But we
asserted then that it actually holds for all real values of n, positive or
negative, and that that we would see this in due time. Example 20.7 suggests
that we can use the quotient rule to show that the power rule holds for
negative integer values of n. Exercise 13 below asks for the details.

1

10

Dx[x'lo] - D,
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Example 20.8 Find all x for which the tangent to y = xe* at (x,f(x)) has

slope 0.

Solution: The slope of the tangent line is given by the derivative, so as in
the previous example our first task is to find the derivative of y = xe*.

This requires the product rule:

dy

T e*(1+x).

= l-e+x-e" =
This means the tangent has slope 0
where e*(1+x) = 0. Because e¢* >0
for all x, the only way we can have
e*(1+x)=0isifx=-1.

Answer: The tangent to y = xe* has
slope 0 at x = —1. (See the graph on
the right.) 2]

y

y=xe*

Exercises for Chapter 20

In problems 1-12 find the indicated derivative.

1. D, (2x4+3x) (3x2—x)] 2.
3. D, xex] 4,
2
5., | % 6
x+5
e“+x
7. D, | ————
Tlad+a2+1 8.
x
. D 10.
9 lad+a2+1 0
1
11. D .
lx2+1 12

13.

Dy

Dy

. D,

ex\/a_c]

e2x

(Hint: e2* = e*e®.)

x2+3x—4
x+vV5

W +x2+1

X

x+1
x—1

X

e

VX

In Chapter 17 we proved that the power rule D, [x"]=nx""! works for positive

integer values of n. Combine this fact with the quotient rule to show that the
power rule also holds for negative integer values of n. (See Example 20.7.)

14.

15.

16.

Find the equation of the tangent line to the graph of f(x) = e*v/x at point (1, £(1)).

Find the equation of the tangent line to the graph of f(x) = L at point (4, f(4)).
x

N

1
Find all points (x,y) on the graph of y = x+—3 where the tangent has slope 0.
—
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17. Find all points (x,y) on the graph of y = ix where the tangent line is horizontal.
e

18. Two functions f(x) and g(x) are graphed below.

Estimate A'(1.5) if:

(a) h(x)=f(x)g(x).
fx)
glx)’
g)
flx)

(b) h(x)=

(©) h(x)=

19. A function f(x) is graphed below.

Find g'(3) if:

(a) glx)=x%f(x).
2

b =X
(b) gx) )

(©) g = (f(x)>.

Find #'(3) if:

(@) h(x)=(x+x3)f(x).

g(x)
b) h(x)=2=.
(b) Ax) 0

40y 45y
3 3
2 2
1 1
H-3-2-1] 1 A3 2" 4-3-2-11 1 2"
y=flx)g 9
=3 e 3
Ly y=8()
4 y=1f(x)
3
2
1
X
1-65-4-3-2-11/1 2345 67
2
=3
—4
20. Information about f(x), g(x), f'(x) and g’(x) is given in the table below.
x 0 1 2 3 4 5
flx) | -4 -2 0 1 1 0
f(x) 2 1 1 3 05 -1
g(x) | 10 9 7 4 0 -4
gx)| 0 -05 -1 -3 -4 -4

(c) h(x)=f(x)gx).
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Exercise Solutions for Chapter 20

1. D[ (20%+32) (3832 - x) | = (8x° +3) (837 — ) + (24" + 8x) 6x — 1)
3. D, xex] =1-e*+xe* =e* +xe”
5 D x?rx]  Qx+Da+5) - (x®+x)(1+0) 22?2 +1lx+5-x2-x «2+10x+5
T x5 | (x +5)2 B (x +5)2 ~ (x+5)2
"D e“+x | (e +1)(x®+2%+1)— (e +x)(3x% +2x)
e = (13 +22+1)?
°. D x 1-(2®+x®+1) —x(32% +2x) —22%-42+1
R EE R | (363+x2+1)2 (303+xz+1)2
1 0-(x2+1)-1-(2x+0 -2
1. D, | | = ("+1) Ger0) 2
x*+1 (x2+1) (x2+1)
13. In Chapter 17 we proved that the power rule D, [x"] = nx" ! works for positive

15.

integer values of n. Combine this fact with the quotient rule to show that the
power rule also holds for negative integer values of n.

Let n be a negative integer, so n = —m for a the positive integer m. Then the
power rule as proved in Chapter 17 says D, [x™] = mx™ L. This problem is asking
us to show D, [x"] = nx" 1. To confirm this with the quotient rule, observe that

m—1

1

xm

m m-1
_ 0-x™—-1-mx _ Tmx S S|

n
D, [x )2 o

=D,

x_m] =D,

1
Find the equation of the tangent line to the graph of f(x) = T at point (4, f(4)).
X

The derivative f'(x) will tell us the slope of this line. Finding f'(x) will be
easier with the product rule than the quotient rule. Since f(x) = x" V2, we get

1 1 1 1
Fla)y=—ca V2 1= 232 = ————. When x = 4, the tangent line has
2 2 2232 9./
1 1
slope is thus m = f'(4) = - 5 ==, and passes through the point (4,/(4)) =
(4,1/2). Now use the point-slope formula for the equation of a line.
y—yo = m(x—xo)
1 1
- = _—(x—-4
y=3 1 6(x )
1_ 11
Y79 16" 4
1 3
Answer y = ——x+-
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17. Find all points (x,y) on the graph of y = ix where the tangent line is horizontal.
e

19.

We need to find where the tangent line to has zero slope, that is, where % =0.
. dy 1-ef—xe* e*(x-1) x-1

By the quotient rule, A= @2 T R e

that the only way the derivative can be 0 is if x = 1. Therefore the tangent line

to y = % is horizontal only at the point (1, eil) =(1,1/e).

. From this we can see

A function f(x) is graphed below.

y =f(x)
Find g'(3) if: y=1

N W

(@) glx)=x%f(x).
2

X
(b) g(x)= %

(©) g =(f()°.

X
~7-6-5-4-3-2-11/1 2 3 4 5 6 7

=3
-4

From the graph, g(3) =2 and g'(3) = 1. Now use the product and quotient rules:
(a) Note g'(x) = 2xf (x) + x2g'(x), 50 g'(3) = 2-3- £(3) +32¢'(3) =2-3-2+9-1 =

20f (%) a2 f'(x) 2:3-£(3)-32f'(3) _ 2.3.2-32.
(b) Note g'(x) = #HEEl0, s0 g/(3) = 2HEERIE = 20550 = 4
(c) Write g(x) = f(x)f (x), so by the product rule g'(x) = f'(x)f (x)+f (x)f'(x) = 2f (x)f"(x).

Therefore g'(3) =2f(3)f'(3)=2-2-1= '




